This article was downloaded by:

On: 28 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

VOLIME L% WUMBIE 3 U0 HEN: B LR Physics and Chemistry Of Liquids
PhYS"ICS and Publication details, including instructions for authors and subscription information:
Chemistry of Liquids http://www.informaworld.com/smpp/title~content=t713646857

AN INTERNATIONAL JOUARNAL

Feynman propagator, density matrices and Green functions for the
inhomogeneous electron liquid generated by a bare Coulomb potential in
two dimensions

N. H. March?; L. M. Nleto®

* Oxford University, Oxford, UK and Department of Physics, University of Antwerp,

. Noeman . march || Groenenborgerlaan 171, B-2020 Antwerp, Belgium ® Departamento de Fisica Tedrica, Atomica y
e e & ¥ Angitells 1] Optica, Universidad de Valladolid, 47071 Valladolid, Spain

Giuseppe
{n-Exfior] Uriversith @ Catania, (ararea, Jtaly

To cite this Article March, N. H. and Nleto, L. M.(2007) 'Feynman propagator, density matrices and Green functions for
the inhomogeneous electron liquid generated by a bare Coulomb potential in two dimensions', Physics and Chemistry of
Liquids, 45: 3, 295 — 305

To link to this Article: DOI: 10.1080/00319100701265195
URL: http://dx.doi.org/10.1080/00319100701265195

PLEASE SCROLL DOWN FOR ARTICLE

Full terns and conditions of use: http://wwinformworld.conlterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713646857
http://dx.doi.org/10.1080/00319100701265195
http://www.informaworld.com/terms-and-conditions-of-access.pdf

07:37 28 January 2011

Downl oaded At:

Physics and Chemistry of Liquids Taylor & Francis
Vol. 45, No. 3, June 2007, 295-305 Taylor &Francis Group

Feynman propagator, density matrices and Green functions
for the inhomogeneous electron liquid generated by a bare
Coulomb potential in two dimensions

N. H. MARCHT and L. M. NIETO*}

tOxford University, Oxford, UK and Department of Physics, University of Antwerp,
Groenenborgerlaan 171, B-2020 Antwerp, Belgium
iDepartamento de Fisica Tedrica, Atomica y Optica, Universidad de Valladolid,
47071 Valladolid, Spain

(Received 5 January 2007, in final form 11 April 2007)

For a two-dimensional homogeneous electron gas, the canonical density matrix C(r,r’;f) is
well-known. This object is related to the Feynman propagator K(r,r’; ), where 7 is the time,
by the transform B — iz. From the free electron form of C(r,r’; B), the Green function follows
in terms of the Bessel function K,. When a bare Coulomb potential —Ze?/r is now ‘switched
on’, one known property is the local density of states at the nucleus. This enables the imaginary
part ImG of the Green function at the nucleus to be determined as an explicit function
of energy E and nuclear charge Ze. Off-diagonal information on Im G will yield the real
part of the Green function by using the Kramers—Kronig relation. The analysis of the
two-dimensional Green function G into partial waves characterized by angular momentum
quantum number ¢ is then considered. The imaginary part of G for £=0 is determined in
terms of a hypergeometric function. The real part is again in principle accessible by invoking
the Kramers—Kronig relation. From the relation between G and the Laplace transform of
C with respect to B, information is also obtained on the ¢ =0 partial wave component of
the Slater sum S(r, ) = C(r,r; ) and hence the Feynman propagator on the diagonal, in the
limiting case Z — 0.

Keywords: Inhomogeneous electron liquid; Two-dimensional Coulomb potential;
Density matrices

PACS numbers: 05.30.Fk; 71.10.Ca; 31.15.Ew; 31.15.Bs

1. Introduction

A great deal of attention has been devoted to propagators generated by the bare
Coulomb potential —Ze?/r in three dimensions. Thus, the Feynman propagator
K(r,v’; f), where ¢ is the time, has been given by Blinder [1] in the form of an infinite
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series, which, however, remains complicated in that this result contains a variety of
special functions including Whittaker functions, together with Laguerre and Hermite
polynomials.

Here, therefore, we shall consider a related quantity, the canonical density matrix
C(r,r’; B), which is related to K(r,r’;7) by the transformation g — iz [1], along with
the Dirac density matrix y (r,r’), but in what proves to be the mathematically simpler
case of the same potential —Ze?/r, but now in two dimensions. The canonical density
matrix satisfies the Bloch equation [2]

_ aC(r,r’; B)

HC(r,x's ) = B (M
where the now two-dimensional (2D) Hamiltonian .#; has the explicit form
7 Ze?
Hy=— 22 ®)
2m r

throughout the present study. The boundary condition to be combined with equation (1)
is that C(r,r’;0) = §(r — r’).

In the limit Z — 0, the free-particle canonical density matrix takes the well-known
form in two dimensions

1 e /2
Cur's ) = 5 exo( ). ®

going back to the celebrated study of Sondheimer and Wilson [3]. It is known that C
and the Green function G are related via

7y Clr,x'; p) = G(r.x"; —E) 4)

and inserting in equation (4) the free-particle result (3) we readily obtain the free-
particle Green function in two dimensions as

Golr¥'s ) = & Ko(+/2E Ir — '), 5)

where Ko(z) denotes the modified Bessel function.

It is relevant here to note, concerning the simplicity of the above 2D case, that
when equation (3) is decomposed into ‘partial waves’ characterized by the angular
momentum quantum number ¢, the resulting £-component ¥gCo.(r,7'; B) takes the
factorized form

Y Coe(r,r's B) = fo(rs E) fo(r'; E), (6)
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whereas March and Murray [4] in early work showed that for 3D the corresponding
free-particle limit of Cy.(r,r’; B) had the nonfactorizable form proportional to

expl — 7 +r'2 Ig_;,_(]/z)(}"}"//ﬂ)
p 2[3 [ ’

where I,(x) is the modified Bessel function (—i)"J,(—ix). We shall stress in section 2
below that the factorization property exhibited in equation (6) for the free-particle
limit Z — 0 in equations (1) and (2) continues to hold in the 2D Coulomb problem,
which is the main focus of the present study. Continuing the outline of this article,
section 3 moves from the canonical matrix discussed earlier to the Dirac density
matrix y(r,r’). As utilized by March and Murray, provided a constant greater than
the lowest bound state eigenvalue is added, to bring the entire level spectrum in the
energy range 0 < E < oo, y(r,r’; E) and C(r,r’; B) are related by

anumzﬁﬂ y(r.x'; E) exp(—BE)E. ™

Some results on the Dirac matrix y(r,r’; E) form the essence of section 3. Since it is
known that the imaginary part of the Green function is directly related to
dy(r,r’; E)/OF, some discussion of the 2D Green function provides the focus of section 4.
The article concludes with a summary, plus some proposals for future directions that
should prove fruitful, in section 3.

2. The partial wave canonical density matrix in the 2D bare Coulomb case

The normalized wave functions ,,(r) generated by the bare Coulomb potential —Ze?/r
in 2D take the explicit form in plane polar coordinates (r,6), with E, = —k3, say, and
Z =1 for simplicity,

I, (n — 1€))!

12
€] _ 21¢| . ;
=) Chanexpkon L Ghunexpiien). ®)

Yne(r) = (

The bound-state energy levels are given in 2D by

1
b= v any ©

The bound state (b) canonical density matrix C®)(r, r’; B) written in terms of E, and /.,

reads

n(n + |¢])!
X (2kour ") exp(—kour YL, (2kour )P 112, (10)

3 _
#Mﬂmzzx%“'w%%wwmmmmﬁmemo
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Turning from this wave function form of C@(b) to direct Green function results,
prompted by the relation (4), we seek the partial wave component of G for the 2D
bare Coulomb potential. One place, among others, where this is conveniently given,
is in the study of Inomata [5]. His equation (26) corresponds to (in atomic units
m = h = 1, which we use here)

20 T(p + €+ (1/2)

Go(r,r; E) =
(B JEm

rQe + l)Mp,g(Zi\/ﬁr) W,,,,[(—zi\/ﬁr/), (11)

where p = —1Z/+/2E, while M), , and W_, , denote Whittaker functions.
Since we have the relation

PpColr,r's B) = G(r.r's —E), (12)

this proves our contention in the free-particle form equation (6) that 3C(r,r’; B) also
factorizes to read

PpCo(r,r's B) = Ae(r; E)Be(r'; E), 13)

where, apart from multiplying factors that also involve p, but not r and r/,

Ay(r,E) = %Mp,@(zi\/ﬁ:r) (14)
while
Bo(r’; E) = % W, o(=2iN2Er). (15)

It is then straightforward from equations (14) and (15) to prove that 4, = B, for £ =0,
when both reduce to the Kummer function M(—iZ/k, 0, 2ikr)//r.

3. Introduction of 2D Coulomb potential: diagonal of Dirac density matrix,
local density of states and imaginary part of Green function

In an earlier study on nonlinear scattering, March et al. [6] gave some attention to the
introduction of a bare Coulomb potential —Ze”/r into a 2D, initially homogeneous
electron assembly.

These workers gave a differential equation for the £ =0 component, say Ny(r, E, Z),
for the local density of states in the presence of the Coulomb potential. Their result for
Ny(r, E, Z) could be expressed in terms of the hypergeometric function | F; as

Z 1
1F1<%+§,1,2ikr>

2

. k=+2E. (16)

a a7 ol
)/570(}’} aE)Z)' &
£ .

Gl
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where y,—o is the s-like component of the Dirac density matrix y(r,r’; E, Z).
To relate to the free-electron limit discussed in some detail earlier, one can employ
the identity

1 . NP
\F <p+§,2p+ 1,212) —T(p+ 1)(5) e J,(2) (17)

in the case p=0. Then equation (16) reduces to the free-electron limit (Z — 0
corresponding to p =0 in equation (17))

dye=o(r,r'; E, Z)

2
o o Jo(v/2Er)?. (18)

r'=r,Z=0

Thus we can write for the imaginary part of the 2D Green function for £ =0 the result

2

Im Go—o(r,r"; E, Z2)|,_, (19)

iz 1 .
1F1<?+§, 1,2lk1>

This must evidently relate to G,—(r, 7'; E, Z) given in equation (26) of Inomata [5], and
written in equation (11). Explicitly, this result reads (in atomic units)

—2r'p +(1/2))

GZ:O(V, r/; Ea Z) = k\/W

M, oQ2ikr) W_p o(—2ikr"). (20)

It remains to take the imaginary part of equation (20), after which, letting r’ — r in
Im Gy—(r,r'; E, Z) one must recover the result (19).

Figure 1 shows the £=0 partial wave form of the imaginary part of the Green
function for Z=1 and for the range of variables shown in the caption. Figure 2 is
then for the more strongly scattering Coulomb potential with Z =150, the range of
the variables again being given in the caption. Figure 2(a) is the counterpart of
figure 1 for Z=50 now. However, in this strong scattering case, figure 2(b) depicts
the nonlinear oscillatory behavior of Im G,—y for Z =150 and two values of k.

We next note from Gradshteyn and Ryzhik [7] that the above Whittaker function
M, ¢ is related to | F; by

) 1
M, (z) = 2 1Pe=22 |y <M —At3, 2u + l,z>. (21)

When =0, A = p, and z = 2ikr, this equation (21) becomes

M, oQ2ikr) = Qikr)"/Pe=*" | F, (—p + % 1, 2ikr>. (22)
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Figure 1. A plot of the RHS of equation (19) for the £ =0 partial wave form of the Green function for
Z =1, with k € [0.01,4] and r € [0, 10].

With p = —iZ/k, this equation (16) can be used in equation (20) to remove the

Whittaker function M, o in favor of the hypergeometric function |F; determining
Im Gy—o(r,r'; E, Z)|,,_, in equation (19). Hence it follows that

1
Goo(r, 1", E, Z) & | Fy <—p + 5 I, 2ikr> W_p o(=2ikr"). (23)

We can only take a limit in equation (23) as r’ — r by removing the real part
of Go—o(r,r’; E,Z). Then, Im Go—o(r,1'"; E, Z)
(see also figure 1).

must be given by equation (19)

r'=r

3.1. Form of density change Ap(r, E, Z) due to potential —Ze*/r in 2D electron gas

In the scattering theory set out by March et al. [6] a further result, which could be
obtained without analyzing into partial waves, is for the change in density
Ap(r, E, Z) induced by the bare Coulomb potential in 2D. Their result reads, at r = 0:

Ap(0,E, Z) = % tanh <%> (24)
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Figure 2. A plot of the RHS of equation (19) for the £=0 partial wave form of the Green function
for Z=50. In (a) k €[0.1,2] and r € [0, 1]. In (b) the solid curve corresponds to k=0.4 and the dashed
line to k=4.

This, to first order in Z, recovers the linear response result Z,/E/2. Again, we are
interested in the information that equation (24) contains concerning the imaginary
part of G(0,0; E, Z) via

AAp(0, E, Z)

|
2 Im AG(0,0: E. Z) =
I AG( ) OE

(25)

where AG stands for G — Gz_o. The result in equation (16) must relate to equation (22)
of Inomata when corrected for typographical errors, one at least being that (+' — r”)!/?
should read ('+”)"/?. One must form AG(r,t’ = 0; E, Z) = G — G 7_, from equation (22)
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and then take the imaginary part as in equation (25). Only then can one pass to the
diagonal limit r = r’ = 0 required in equation (25).

4. Partial wave ¢ = 0 component of Green function G(r,r’; E, Z) and
limiting form as Z tends to zero

Work done by Inomata [5] has yielded a form for the Green function generated by
the Coulomb potential —Ze?/r in 2D in terms of Whittaker functions M and W.
The result of his equation (26) is written in equation (20). As p = —iZ/v2E — 0,
we have the relations, see 9.235(1) and 9.235(2) of [7],

Moo(2) = V= I (3). (26)

z z
mmzﬁm@. @7
Hence, the free-electron limit Z — 0 of equation (20) yields
Go=o(r,1"; E),_oy = 4 Io(ivV2Er)Ko(—iv2ET"). (28)

Thus the free-particle limit of the Green function G,—( is known explicitly in terms of
the modified Bessel functions 7, and K.

Also, from earlier work in the body of this article, the imaginary part of
Go—o(r,r'; E, Z) is determined on the diagonal r’ = r via the hypergeometric function
as || F\GZ/k + (1/2), 1, 2ikr)|.

4.1. Separation of firee particle Green function into real and imaginary parts

Using relations between Bessel functions and modified Bessel functions, we can write
from equation (5):

| .
Golr. s E) = =3 Yo(V2EIr 1)) + %Jo(\/ZE|r —r). (29)
For Yy(x) there is the known integral representation [8]
2 00
Yo(x) = _E,/ cos(xcoshr)dt (x > 0), (30)
0
while for Jy(x) the corresponding result is

Jo(x) = %/Ooo sin(xcoshr)ds (x > 0). (31)
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(b)

Figure 3. Graphic display of the Slater sum for the £ =0 partial wave: (a) as a function of r for =0.2
and 1; (b) in a 3D plot for r € [0,5] and B € [0.5,2].

Thus, from equations (29) to (31) one readily obtains
1 00
Go(r,v; E) = E/ exp(iv2E|r — r'| cosh r)dr, (32)
0
and therefore

1 lo¢]
Go(r,v'; —E) = E/ exp(—+/2E|r —r'| cosh r)dt, (33)
0
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which integrates to the result given in (5) by 8.432(1) of [7].

It is of interest here, because of the relation (4) between the canonical density matrix
C(r,r’;B) and G(r,r’; —E), to record that after analyzing equation (3) into partial
waves, the diagonal S,—o(r, 8), the so-called Slater sum C(r,r; 8), can be calculated as

(o(r*/B)

— /P
Se=o(r, ) = ¢ mp

(34

This is related to the Feynman propagator for £ =0 by the transform g8 — iz. Figure 3
displays equation (34) for the different variable ranges displayed in the caption. This is
the 2D counterpart for £ =0 of the 3D result of March and Murray [4] displayed below
equation (6).

5. Summary and possible future directions

The main results of this study for the bare Coulomb potential —Ze?/r in two
dimensions are:

e cquation (19) for the imaginary part Im G,—o(r,1’; E, Z)|,.—, for the ‘s-like’ partial
wave with £ =0 in equation (19); and

e for the imaginary part Im AG(0,0; E, Z) due to the change AG in the Green function
on switching on the Coulomb potential —Ze?/r to an initially homogeneous electron
gas in 2D.

Additionally, as by-products of the present study, the free-particle Green function
Go(r,r’; E) has been separated into its real and imaginary parts in equation (26),
these parts being related by the Kramers—Kronig relation [9]. For the £ =0 component
of the Slater sum, which in turn is the diagonal element of the canonical density matrix,
equation (34) gives the closed analytic form in terms of the free-particle form times
Io(r?/B), which generalizes the result of March and Murray [4] following equation (6)
for £=0 to apply to two dimensions.

For future directions, it would be valuable if the ¢ =0 partial wave of the Green
function of equation (20) could be separated into its real and imaginary parts. That
would then effect the generalization of the free-electron limit equation (28) away
from Z=0.
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